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Multiple-Criterion Method for Determining Structural Damage

Tshilidzi Marwala¤ and P. Stephan Heyns†

University of Pretoria, Pretoria 0002, South Africa

A new multiple-criterion updating method that minimizes the Euclidean norm of the error vector obtained by
adding the normalized eigenproblem equation and equation of motion with equal weighting functions is proposed.
The method is applied to detecting damage in structures and is tested on an unsymmetrical H-shaped structure.
It is found that the multiple-criterion updating method predicts the presence, the position, and the extent of
damage. The multiple-criterion method is compared to the frequency-response function method and the modal
property-based method by using the coordinate modal assurance criterion and the modal assurance criterion. The
multiple-criterion method was found to give better results than the other two methods. This is because it was better
able to detect damage on the structure than the modal property method (which failed to detect multiple-damage
cases) and gave results that were less noisy, i.e., less updating to undamagedelements, than the frequency-response
method.

Nomenclature
[C] = viscous damping matrix
e = Euclidean norm of error
fF.!/g = system force input vector
H .!/ = frequency-responsefunction
[I ] = identity matrix
i =

p
¡1

[K ] = stiffness matrix
[M ] = mass matrix
[T] = transformationvector
fX.!/g = response vector
®; ¯ = proportional damping coef� cients
f"g; " = error vector, error scalar
fÁg; [Á] = eigenvector (matrix)
! = angular frequency
f0g = null vector

Superscripts

M = index of the frequency bandwidth of interest
N = number of measured degrees of freedom

Subscripts

i; j; n = index numbers

I. Introduction

D AMAGE to structuresmay cause failures. The early detection
of the presenceof damage, its locationand extent,may prevent

such failures and the detrimental consequences thereof.
Many vibrationtechniqueshavebeendevelopedto detectdamage

to structures.D’Ambrogio and Zobel1 used the frequency-response
functions directly to update the � nite element model and subse-
quently detect damage on the structures by minimizing the error in
the equation of motion. Baruch2 used the modal property approach
to update � nite element models.

In this study, a multiple-criterionmethod, which simultaneously
utilizesboth approaches,is proposed.The sum of the errorsobtained
from the two approaches is minimized iteratively3 by varying the
physicalparameterssuchas thedensity,cross-sectionalarea,and the
modulus of elasticity of each element, to update the � nite element
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model. Adding the errors from two different approaches will im-
prove the uniqueness of the solution.4 ;5

The � nite elementmodel for an undamagedmodelwill beupdated
by tuning the physical parameters such as modulus of elasticity,
density,and Poisson’s ratio for each elementuntil the analyticaldata
match the test data. The physical properties of the updated model
will be stored for later use. Then damage will be introduced,and the
measured data will be used to update the � nite element model. The
changes in physicalpropertiesbefore and after damage will be used
to detect, locate, and quantify the extent of damage. In this paper an
unsymmetrical H-shaped structure is studied.

The multiple-criterion method is compared to the frequency-
responsemethodand the modal propertymethodby using the modal
assurancecriterion(MAC)6 and the coordinatemodal assurancecri-
terion (COMAC).7 The usual MAC is normalized so that a null ma-
trix, instead of the normal unit matrix,would correspondto a perfect
correlation between two modes. To simplify the application of the
MAC matrix, a scalar factor is introduced as the sum of the squares
of elements in the null matrix. Similarly, to simplify the application
of the COMAC, a scalar de� ned as the product of all of the elements
in the standard COMAC vector is introduced in this work.

II. Updating Methods
A. Updating Using Measured Frequency Response Functions

In this section a method based on the work done by D’Ambrogio
and Zobel1 is brie� y developed. The equation of motion may be
written in the frequency domain as follows:

.¡!2[M ] C i![C] C [K ]/fX.!/g ¡ fF.!/g D f0g .1/

Assuming, for the purpose of this study, that damping is low, the
damping matrix may be assumed to be proportional. Equation (1)
may, therefore, be rewritten as

.¡!2[M ] C i!.®[M] C ¯[K ]/ C [K ]/fX.!/g ¡ fF.!/g D f0g
(2)

where fX.!/g and fF.!/g are measured quantities. Generally, fre-
quency-response functions are measured instead of displacement
and force individually. Assuming white noise of unit magnitude at
all frequencies, the displacementmay be replaced by the measured
frequency-responsefunctions.

The frequency-response functions are measured at selected de-
grees of freedom. For this reason the degrees of freedom of mea-
sured coordinates are less than that of the � nite element model.
Consequently, the mass and stiffness matrices in Eq. (2) have to
be reduced. In this study the reduction technique chosen is the im-
proved reduced system (IRS).8 The IRS is an improvement of the
Guyan static reduction.9

In the Guyan static reductionmethod, the displacementand force
vectors fXg and fFg, and the mass and stiffness matrices in Eq. (2)
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are partitioned into master (measured) and slave (unmeasured) co-
ordinates. If the inertia terms are neglected,the partitionedequation
of motion can be used to eliminate the slave coordinates.From this,
a transformation matrix is obtained as follows:

[TR] D
[I ]

¡[K ]¡1
ss [Ksm ]

.3/

The transformationmatrix in Eq. (3) is obtainedwith theassumption
that there is no damageat unmeasuredcoordinates.This transforma-
tion matrix can then be used to obtain the reducedmass and stiffness
matrices as follows:

[MR ] ¼ [TR ]T [M ][TR ]; [K R] ¼ [TR ]T [K ][TR] (4)

The transformation in Eq. (3) can be used in conjunction with the
reduced mass and stiffness matrices in Eq. (4), as well as the [S]
matrix, to obtain a new transformation equation as follows:

[TRR ] D [TR] C [S][M ][TR ][MR]¡1[K R ] .5/

where

[S] D
[0][0]

[0][Kss ]¡1 .6/

from which new reduced mass and stiffness matrices are obtained
as follows:

[MR R]¼ [TRR]T [M][TR R]; [K RR ]¼ [TR R]T [K ][TRR ]
(7)

If Eqs. (7) are substituted in Eq. (2), the following expression is
obtained:

.¡!2[MR R] C i![CRR ] C [K RR ]/fXm.!/g ¡ fFm.!/g D f"g (8)

The reduced damping matrix [CR R] is an idealization.Because the
damping is low, it is assumed that damping is proportional to the
reduced mass and stiffness matrices.

Because of the cumbersome nature of investigating the elements
of the error vector, the Euclidean norm, which is the square root of
the sum of the squares of the error vector elements, may be used.
The Euclidean norm of this error vector is de� ned as follows:

e D
M

j D 1

"2.! j /

1
2

.9/

In the light of a nonzero error vector, the design variables are varied
until e is minimized. These design variables may include the cross-
sectional area, density, Poisson ratio, and modulus of elasticity of
each element.

B. Updating Using the Modal Property Method
The eigenproblem may be written as follows:

¡!2
j [M] C [K ] fÁ j g D f0g .10/

where ! j and Á j are the undamped natural frequency and mode
shape for mode j , respectively.Equation (10) can be premultiplied
by the transposeof the mode shapevector,and the resultingequation
is

fÁ j gT ¡!2
j [M ] C [K ] fÁ j g D 0 .11/

As in the preceding section, the mass and stiffness matrices may be
reduced by using the IRS method. The mass and stiffness matrices
in Eq. (11) may be substituted by Eqs. (7) and (11), respectively, to
obtain

" j D !2
j fÁ j gT [MRR ]fÁ j g ¡ fÁ j gT [K RR]fÁ j g .12/

If N modes are extracted, then there will be N error coef� cients.
As in the preceding section the Euclidean norm of all the " obtained
[see Eq. (9)] may be used to obtain e. The design variables may be
similarly varied until e is minimized.

C. Updating Using the Multiple-Criterion Method
The methods presented in the preceding sections have been suc-

cessfullyused to detect damage on the structure.The problem,how-
ever, is that the modal property-basedmethod tends to reproducethe
measured modal properties whereas the frequency-response func-
tion method tends to reproduce the measured frequency-response
functions. A method that has a higher probability of reproducing
both the measured frequency-responsefunctions and modal proper-
ties enhances the probabilityof obtaining a unique solution. A new
multiple-criterionmethod,whichusesboth themeasuredfrequency-
response functions and modal properties simultaneously, is devel-
oped and tested.

If Eqs. (8) and (12) are nondimensionalized and added to-
gether with equal weighting functions, the following equation is
obtained:

" D
X M

j D 1 j[Bi .! j /]fX.! j /g ¡ fF.! j /gj
X M

j D 1 j[B0.! j /]fX.! j /g ¡ fF.! j /gj

C
X N

j D 1 fÁ j gT !2
j [Mi ] ¡ [K i ] fÁ j g

X N
j D 1 fÁ j gT !2

j [M0] ¡ [K0] fÁ j g
(13)

where

[Bi .!/] D ¡!2[MRRi ] C i![CRRi ] C [K RRi ] .14/

where M is thenumberof frequencylinesmeasured,N is thenumber
of modes measured, i is the subscript for the con� gurationof design
variables, and the subscript 0 indicates the parameters at the initial
design variables.

The choice of equal weighting functions was taken because it
was assumed that the measured frequency-response function and
extracted modal properties have the same level of accuracy. The
other assumption that was made, which may in� uence the choice of
weightingfunctions,was theassumptionthat the rateof convergence
is the same for the two approaches individually.

As in the preceding section, the Euclidean norm of all the " ob-
tained [see Eq. (9)] may be used to obtain e. The design variables
may be varied until e is minimized.

An unsymmetricalH-shaped structure is considered (see Fig. 1).
The structure is modeled using the Structural Dynamics Toolbox.
This toolbox uses Euler–Bernoulli beam elements,10 which runs in
a MatLab environment.11 The optimizationproblem is solved using
the OptimizationToolbox,12 which implementssequentialquadratic
programming.

The problem of identifying parameters with errors given a set of
response functions is ill de� ned and is not unique.This is becauseof
the errors in the measured data, that is, not all modes are identi� ed
and not all degrees of freedom are measured. For this reason, the
problemhas many localminimum points.To deal with this problem,
multiple starting points are used during the optimization.

III. Correlation Criteria
A. MAC

The MAC compares any two mode shapes and is de� ned by the
following equation6:

MAC jr D
L

r D 1

j Áar
j Á¤

mr

2
L

r D 1

j Áar
2

L

r D 1

j Á¤
mr

2
.15/

The MAC is a measure of the least squares deviation of the points
from the straight-line correlation between two modes.

A value close to 1 suggests that the two mode shapes are well
correlated,whereas a value close to 0 indicatesthat the mode shapes
are not correlated. If the mode shape matrix is used in Eq. (15), then
the MAC becomes an identity matrix. To simplify comparison of
sets of mode shapes originating from different sources, a single-
value parameter representative of the MAC matrix is introduced.
For this purpose, the MAC matrix is � rst normalized so that the
ideal case would correspond to a null matrix:

[MAC0] D [I ] ¡ [MAC] .16/

where [I ] is the identity matrix.
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Fig. 1 Irregular H-shaped structure.

If the modal vectors that are being analyzed are perfectly corre-
lated, then the matrix [MAC0] will have zero entries. A factor that
is the sum of the squares of the elements of [MAC0] may be de� ned
as follows:

MAC0S D
J

j D 1

I

i D 1

MAC2
0i j .17/

where I and J are the numbers of rows and columns in the MAC
matrix.

If the scalar MAC0S is equal to zero, then the two mode shape
matrices are well correlated. One shortcoming with this method is
that it does not discriminatebetween random scatter responsiblefor
the deviationsor systematicdeviations.The main causesof less than
perfect MAC results are nonlinearity in the test structure, noise on
the measured data, and poor modal analysis of the measured data.13

The other shortcoming of the MAC is that it has a problem with
comparing the modes that are close in frequency.

B. COMAC
The COMAC method is based on the same principle as the MAC

and is essentially an indication of the correlationbetween the mea-
sured and the computed mode shapes for a given common coordi-
nate. The COMAC for coordinate j is given by7

COMAC. j/ D
N

r D 1

j Áar
j Á¤

mr

2
N

r D 1

j Áar
2

N

r D 1

j Á¤
mr

2

(18)

where N is the totalnumberofwell-correlatedmodesas indicatedby
the MAC. A value close to 1 suggests good correlation. If the mode
shape matrices are used, then the COMAC becomes a vector. For
a perfect coordinate correlation, the entries of the COMAC vector
are all equal to 1.

Unlike the MAC, the COMAC does not have any dif� culty com-
paring modes that are close in frequency or that are measured at
insuf� cient transducer locations.The product of the elements of the
entries of the COMAC vector may be de� ned as follows:

COMACs D
L

j D 1

COMAC. j/ .19/

where L is the number of measured degrees of freedom.

IV. Examples
An unsymmetrical H-shaped (see Fig. 1) aluminium structure

was used. The structure was suspended using elastic rubber bands.
The structure was excited using an electromagnetic shaker, and the
response was measured using an accelerometer.

The structurewas divided into 12 elements. It was excited at node
6, and an accelerometer was placed at 15 locations. The structure
was tested freely suspended, and a set of 15 frequency-response
functions (FRF) was obtained and used for updating. A roving ac-
celerometer was used in the testing. The mass of the accelerometer
was found to be negligible compared to the mass of the structure.

The nature of damage introducedwas a saw-cut that went about 1
4

through the cross section of the member. Three damage cases were
considered. In the � rst, damage was introduced at element 3. In the
second,damagewas introducedat elements3 and 4, and in the third,
damage was introduced at elements 3–5. For undamaged case and
each of the damaged cases, a set of 15 FRF was measured and used
to extract modal properties.

The inertance was measured and converted into the receptance
by dividing the measured data by the negative of the square of the
frequency at each frequency point. Damage was introduced on one
side of the structure to destroy the symmetry of the structure. This
enhanced the ability of the method to detect damage.

The number of measured coordinates was 15, and the number of
unmeasured coordinates was 24. The model was reduced from 39
degrees of freedom to 15 degrees of freedom. Damage was intro-
duced at both the partitions.

V. Results
A. Case 1: Before Damage Is Introduced

The number of modes identi� ed is 5. The initial � nite element
modelgavenaturalfrequenciesthatwereonaverageabout4 Hz from
the measured ones.The initial � nite element model was re� ned, and
the resulting model was on average within 1 Hz of the measured
results. These results are shown in Table 1.

When the threeupdatingproceduresare applied, three updated � -
niteelementmodelsareobtained.Eachupdated� niteelementmodel
predicts a set of mode shapes. These mode shapes are compared to
the corresponding experimental mode shapes using the COMAC
and the MAC scalars. The results obtained are shown in Table 2.

The results show that on average the modal property-based
method gives the best co-ordinated modes, followed by the
multiple-criterion method, and then the FRF method. The MAC
also shows the same trend.

B. Case 2: Damage at Element 3
The same procedure as in the preceding section is followed. The

results obtained are shown in Table 3. The COMAC results show
that the modal property method gives the best results, followed by
the multiple-criterionmethod, and then the FRF method. The MAC
also shows the same trend.

The FRF method in Fig. 2 shows that the location of damage is at
element 3 and has a magnitude of about 100 £ 108 Pa. The modal
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Table 1 Comparison of natural frequencies before damage

Experimental Updated natural Updated natural Updated natural
natural Initial natural frequency, Hz, frequency, Hz, frequency, Hz,

Mode frequency, Hz frequency, Hz FRF modal multiple

1 55.3 58.2 55.3 55.4 55.3
2 125.3 128.0 125.0 125.0 125.3
3 225.2 224.5 226.7 224.7 125.3
4 259.7 263.4 258.7 258.7 225.4
5 446.0 450.9 444.4 444.6 445.5

Fig. 2 Damage case 1 using FRFs.

Fig. 3 Damage case 1 using modal properties.

property method in Fig. 3 shows that the location of damage is at
element3 and has a magnitudeof about 150 £ 108 Pa. The multiple-
criterion method in Fig. 4 indicates that the location of damage at
element 3 and has a magnitude of about 140 £ 108 Pa. It should be
noted that the frequency-responsemethod (see Fig. 2) shows more
updating to undamaged elements than the other two methods (see
Figs. 3 and 4). This shows that the FRF method is more sensitive to
noise in the measurement than the multiple-criterionmethod.

C. Case 3: Damage at Element 3 and 4
The comparisonresultsobtainedin this case are shown in Table 4.

The results show the same trend as in preceding section.
The FRF method (in Fig. 5) shows that the locations of damage

are at elements 3 and 4 and have magnitudesof about 200 £ 108 and
225£ 108 Pa, respectively. The modal property method (in Fig. 6)
shows that the locations of damage are at element 3 and 4 and have
magnitudes of about 100 £ 108 Pa. The multiple-criterion method
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Fig. 4 Damage case 1 using multiple-criterion method.

Fig. 5 Damage case 2 using FRFs.

Fig. 6 Damage case 2 using modal properties.
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(in Fig. 7) indicatesthat the locationsof damageare at element3 and
4 and with magnitudesof 140 £ 108 and 100 £ 108 Pa, respectively.
The modal property-method(see Fig. 6) shows signi� cant updating
to the � rst and fourth elements even though those elements are
undamaged. The multiple-criterion method and the FRF approach
were, therefore, better able to locate damage.

D. Case 4: Damage at Elements 3–5
The comparisonresultsobtainedin this case are shown in Table 5.

The results show the same trend as in preceding section.
The FRF method (in Fig. 8) shows that the locations of damage

are at elements 3, 4, and 5 and have magnitudesof about 200 £ 108,
225 £ 108 , and 150 £ 108 Pa, respectively. The modal property
method (in Fig. 9) is not able to locate damage. However, because
signi� cant updating is performedindicates that the method was able
to detect the presenceof damage. The multiple-criterionmethod (in
Fig. 10) indicates the locations of damage are at elements 3, 4, and
5 and with magnitudesof about 200 £ 108 , 75 £ 108 , and 125 £ 108

Pa, respectively.

VI. Discussion
The graphsin Figs. 5 and 9 show that the modalpropertyapproach

fails to detect the location of damage for the multiple-damagecase.
This is because the modal properties have less information than the
FRFs. The graphs in Figs. 2, 5, and 8 show that the FRF approach
tends to update more parameters without damage than the multiple-
criterionapproach.This is becausethe FRFs has more noise than the
modal properties.The multiple criterionapproach is able to identify
all damage cases.

Table 2 Comparison of measured and
analytical mode shapes before damage

Method COMACs MACs

FRF 0.972 0.0658
Modal property 0.987 0.0653
Multiple criterion 0.977 0.0657

Table 3 Comparison of measured and
analytical mode shapes for damage case 1

Method COMACs MACs

FRF 0.979 0.0724
Modal property 0.992 0.0721
Multiple criterion 0.989 0.0723

Fig. 7 Damage case 2 using multiple-criterion method.

The multiple-criterion method experienced several problems.
One of these problems was that it requires many iterations and
is, therefore, computationally expensive. It was found that by
scaling the equations of motion in the multiple-criterion method,
however, that the number of iterations may be reduced. In this
study, the equation of motion was nondimensionalized by divid-
ing the FRF-based method formulation by the value of the error it
gives at the initial design variables.The same was done to the modal
property method formulation.

Furthermore, the nature of the damage introduced to the struc-
ture was a saw cut. In real structures, the main causes of damage
include fatigue. In fatigue damage, the presence of damage tends
to increase the level of damping on the structure. Because of this,
the proportionaldamping assumptionmay no longer hold and, con-
sequently, complicated modeling of damping may be required and
may compromise the effectivenessof the multiple-criterionmethod.

The other issue pertaining to damage involves the location of
damage. Damage was generally introduced only on one-half of the
structure.This was donepurposefullyto destroythe symmetryof the
structure, thereby increasing the probabilityof the updatingmethod
to detect the presence,location,and the extent of damage. However,
in reality the presence of damage might not necessarily destroy the
symmetry of the structure. Because of this, the proposed updating
method needs to be investigated for randomly introduced damage.

In this study, it was hoped that the extent in which physical pa-
rameterswould change as a result of damagewould correlatewell to
the extent of damage that occurred.It was discovered,however, that
the issue of relating changes in physical parameters to the extent of
damagewas dif� cult because it requireshighlyaccurate experimen-
tal data, which could not be achieved in this study. It is postulated

Table 4 Comparison of measured and
analytical mode shapes for damage case 2

Method COMACs MACs

FRF 0.9022 0.0166
Modal property 0.9232 0.0119
Multiple criterion 0.9191 0.0161

Table 5 Comparison of measured and
analytical mode shapes for damage case 3

Method COMACs MACs

FRF 0.9114 0.0309
Modal property 0.9890 0.0304
Multiple criterion 0.9373 0.0299
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Fig. 8 Damage case 3 using FRFs.

Fig. 9 Damage case 3 using modal properties.

Fig. 10 Damage case 3 using multiple-criterion method.
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that the relationship between the changes in modulus of elasticity
and the amount of damage that has occurred is a functionof the ma-
terial propertyof the structure,and further investigationis required.

VII. Conclusion
A new multiple-criterion method was developed and tested us-

ing an unsymmetrical H-shaped structure. Because this method
is a multiple-criterion method, other conditions may be added to
the multiple-criterionequation so that the probability of obtaining
a unique solution is increased. It is concluded that the multiple-
criterionmethodgivesbetter results than the modal propertymethod
and the FRF method.This is becauseit was betterable to detectdam-
age on the structure than the modal property method (which failed
to detect multiple damage cases) and gave results that were less
noisy, i.e., lessupdatingto undamagedelements,than the frequency-
response method.
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